
High dimensions:
Curse or Blessing for Statisticians?

Luis Sierra Muntané
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Figure: Three JPG images displayed side by side.
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A high-dimensional orange

radius 1, peel 1% thick
(not to scale)

Suppose we have an orange of radius 1 in the space
R1000. You peel off a skin 1% thick.
How much of the orange’s volume was
removed?

A about 1% B about 10%

C about half D over 99%

99.996% of it is peel.
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A high-dimensional orange

Shrink a shape by a factor r along
every axis:

area ×r2 volume ×r3

Each of the d axes contributes a factor
r, so vol(rB) = rd vol(B).

The pulp is a ball of radius 0.99, so

peel = 1− 0.99d ≈ 1− e−d/100.
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In high dimensions, almost all of the volume of a ball is close to its surface.
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Curse or blessing?

The term curse of dimensionality is at least as old as Bellman (1957). Donoho (2000)
however, notes that high dimensionality also brings with it some blessings.

Curse Mechanism Blessing

Empty space

Nearby
distributions

?

?

?

?

?

?

We start with two problems that get worse as the dimension grows, and look for the reason.
The same reason will then give us two methods that make use of, and improve with
dimensionality.
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Too many directions and k-nearest neighbours

Consider two classes N (0, 1)
and N (3, 1) with 100
observations in each.
coordinate 1: signal

coordinates 2, . . . , d: noise

1 10 100 1000

50

60

70

80

90

100 Bayes rule

coin flip 5-NN

dimension d (the signal sits in coordinate 1)

te
st

ac
cu
ra
cy

(%
)

Why. ∥x− x′∥2 = (x1 − x′1)
2 +

∑︁
i≥2(xi − x′i)

2. Between classes the first term is larger by

about 32 = 9. Each noise term has mean 2 and variance 8, so their sum is
2(d− 1)±

√︁
8(d− 1). Once

√
8d ≫ 9, the noise has a larger influence on the distance.

Smoothing-like procedures have a similar problem: a kernel density estimate at the mode
of N (0, I10) needs about 842,000 points to bring its relative mean squared error below 0.1
(Silverman, 1986).
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Where is a Gaussian distribution concentrated?

X ∼ N (0, I1000). Its density is highest at the origin. How close to the origin do you
expect to see a random draw?
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The histograms are at
√
d because E∥X∥2 =

∑︁d
i=1 EX2

i = d, and their widths are bounded!
(Var(∥X∥) = d− (E∥X∥)2 = d− (

√
d− 1/

√
d)). At d = 1000, 98% of draws land in

[30.0, 33.3], and P(∥X∥ ≤ 10) ≈ 10−306.

Almost no draws are found near the mode but rather lie on a thin shell, the Gaussian soap
bubble.
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Experiment with Importance Sampling

Suppose we want to calculate Ep f(X) using
samples from q: (abusing notation of distribution
and density)

Ep f(X) =

∫︂
f p =

∫︂
f
p

q
q = Eq

[︁
f(X)w(X)

]︁
.

Draw X1, . . . , XN ∼ q and take the weighted
average of f(Xi) with weights w(Xi) =

p
q (Xi).

Simulation: q = N (0, Id) and p = N (0.3 · 1, Id). In
any coordinate, the probability of overlap is 88%.

q p

one coordinate

Take N = 10,000 draws from q and calculate the weights w(xi). If d = 1000, how many
weights do we need to add up to reach 50% of the total proportion?

A more than
1/2 (5000)

B about 1000 C about 100 D about one
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Distribution of the weights
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Out of 10,000 draws, the top 10 carry
2% of the weight at d = 10 but 39% at
d = 100.
At d = 1000 a single draw carried 77%
of the weight.
The estimate of EpX1 = 0.3 is off by
0.74, which is worse than answering 0.

Why?
Note that for our two Gaussians,

w(x) =
p(x)

q(x)
=

e−∥x−µ1∥2/2

e−∥x∥2/2 = exp
(︂ d∑︂

i=1

(︁
µxi − µ2

2

)︁)︂
.

with µ = 0.3.
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Intuitive explanation for the weight distribution

This means logw is the sum of d independent terms with variance µ2 and mean ∓µ2

2 (under q
/ under p):⎧⎨⎩logw(x) ∼ N

(︂
−dµ2

2 , dµ2
)︂
, when x ∼ q,

logw(x) ∼ N
(︂
+dµ2

2 , dµ2
)︂
, when x ∼ p.

=⇒ logw ≈ ∓dµ2

2
± µ

√
d.

−4 0 4

logw

d = 10

−10 0 10

logw

d = 100

−50 0 50

logw

d = 1000

under q under p

The separation between the means scales with the dimension d, while the spreads scale with√
d. Consequently, draws from q rarely land where the density p is large.

I · The curse 8/16



How many draws would we need?

An unweighted average of N many N (0, 1) samples has variance 1/N . We instead have
weights {wi}, which after normalizing give a variance

Eqw
2

(Eqw)2
=:

1

Neff
.

We had w(x) = exp
(︁∑︁

i(µxi −
µ2

2 )
)︁
, and under q the xi are independent N (0, 1). Hance

Eq w = 1, and the Gaussian moment generating function E etxi = et
2/2 gives

Eqw
2 = Eq exp

(︄
2µ

d∑︂
i=1

xi − dµ2

)︄
= e−dµ2

d∏︂
i=1

Ee2µXi = e−dµ2
e2dµ

2
= edµ

2
.

The effective sample size therefore scales as N/Neff = N/Eqw
2 = Ne−dµ2

, so we need

N ≳ edµ
2
, which is exponential in d.

Theorem (Chatterjee and Diaconis, 2018)

About eKL(p ∥ q) draws are necessary and sufficient (when logw concentrates). Here
KL(p ∥ q) = Ep logw = dµ2/2, so at d = 1000 we need N ≈ e45 ≈ 3.5× 1019.
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Common features to our examples

Every quantity we computed is a sum of d independent components:

∥X∥2 =
d∑︂

i=1

X2
i , ∥x− x′∥2 =

d∑︂
i=1

(xi − x′i)
2, logw =

d∑︂
i=1

(︁
µXi − µ2

2

)︁
.

Means add and variances add, so a sum of d components is of order O(d) with fluctuations
O(

√
d).

sum of d pieces mean sd so we predict simulated

∥X∥2 =
∑︁

X2
i d

√
2d ∥X∥ ≈

√
d± 0.71 ±0.71 ✓

⟨X,Y ⟩ =
∑︁

XiYi 0
√
d angle ≈ 90◦ ± 57.3◦/

√
d ±1.8◦ at d = 1000 ✓

logw =
∑︁

(µXi − µ2

2 ) ∓dµ2

2 µ
√
d ∓4.5± 3 at d = 100 histograms ✓

Row 1: ∥X∥ =
√︁

d+
√
2dZ ≈

√
d+ Z/

√
2 by a Taylor expansion of the square root. Row 2:

cos(angle) = ⟨X,Y ⟩ /(∥X∥∥Y ∥) ≈ ⟨X,Y ⟩ /d, and 1 radian ≈ 57.3◦.
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Recap

The more general, informal statement about this concentration phenomenon can be explained
in terms of

f(X1, . . . , Xd)− Ef(X1, . . . , Xd)

which will be small whenever

The function f is not too sensitive on any of its inputs

The dependence between X1, . . . , Xd is not too strong.
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Functions of Gaussian variables

Observation: ∥X∥ is concentrated with Gaussian tails. Which property can we use?

|∥x∥ − ∥y∥| ≤ ∥x− y∥ :

moving x a little moves ∥x∥ proportionally, so no single coordinate can move it far.

Theorem (Gaussian concentration; Tsirelson et al., 1976)

Let X ∼ N (0, Id) and let f be L-Lipschitz, that is |f(x)− f(y)| ≤ L∥x− y∥. Then for every
t > 0,

P
(︁
|f(X)− Ef(X)| ≥ t

)︁
≤ 2 e−t2/(2L2).

Dimensionless ⇐⇒ There is no d on the right-hand side.

Note that if f(x) = x1 then we recover the exponent of a Gaussian tail, so the inequality is
tight. For f(x) = ∥x∥ the bound says that the fluctuations are O(1) irrespective of d, just as
we had for the soap-bubble example.

A five-line proof is in the backup slides; see also Boucheron et al. (2013, Thm 5.6).
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Can we preserve distances with low-dimensional projections?

Suppose we have n = 200 points in R50 000. Can we map them into Rk with k ≪ 50 000
keeping every pairwise distance within a factor 1± ε. How small can k be?

(1− ε)∥xi − xj∥ ≤ ∥f(xi)− f(xj)∥ ≤ (1 + ε)∥xi − xj∥

Try a random map: G ∈ Rk×d with independent N (0, 1/k) entries. Its rows are random
directions, so they are nearly orthogonal.

1. Take a pair, u = xi − xj : since Gu ∼ N
(︂
0, ∥u∥

2

k Ik

)︂
, ∥Gu∥

∥u∥
d
= ∥g∥√

k
with g ∼ N (0, Ik).

2. Apply the tail bound: f = ∥·∥, L = 1, t = ε
√
k, E∥g∥ ≈

√
k:

P
(︂⃓⃓⃓

∥Gu∥
∥u∥ − 1

⃓⃓⃓
≥ ε
)︂
≲ 2e−kε2/2.

3. Union bound: n2/2 pairs, P(some pair fails) ≤ n2e−kε2/2 < 1 once k > 4 logn
ε2

.

Johnson and Lindenstrauss (1984)

k = O(logn/ε2) dimensions suffice, whatever d is. The log n is the price from the union
bound.
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Johnson–Lindenstrauss in practice
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The four curves coincide: the
distortion does not depend on d.

At k = 200 the worst of all
19,900 distances is off by
0.19–0.21.

At k = 800, by 0.10–0.11.

The dashed union-bound curve is
cautious by a factor of about 1.6.
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Example: sparse linear model with p > n

Consider the underdetermined system y = Xβ with X ∈ R100×500. Taking (x⊤i )i as rows of
X, yi = ⟨xi, β⟩ are measurements of the unknown vector β.

y

=

X: 100× 500

β

20 nonzero
entries

Unless β is sparse: suppose only s = 20
of its entries are nonzero.

Then y is a combination of just 20
columns of X.

If we knew which, we would have
100 equations in 20 unknowns.

But we don’t know which.
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How can we use dimensionality for sparsity?

Recall from the JL lemma that k ≈ 2 logN/ε2 random rows maintain the lengths of N vectors. To
determine a sparse β, X/

√
n must maintain the length of every sparse vector. Is this the case?

1. All sparse vectors. They fill
(︁p
s

)︁
coordinate subspaces of dimension s.
Here p = 3, s = 2: three planes.

2. Unit vectors suffice. X is linear, so
∥X(cv)∥ = |c| ∥Xv∥. Keep one unit
sphere per subspace.

3. Extract a finite net. (3/ε)s points
ε apart can be packed on each sphere.
X distorts norms by less than 3ε.

=⇒ Apply JL to h ∈ P
(︂⋃︁

|T |=s−1 ST
)︂
: at most

(︁
p
s

)︁
(3/ε)s “objects” which gives us

log
[︁(︁

p
s

)︁
(3/ε)s

]︁
≤ s log ep

s + s log 3
ε =⇒ n ≳ s log ep

s random equations keep the length of every sparse

vector at once (Candès et al., 2006; Donoho, 2006; Baraniuk et al., 2008).

Here
(︁
500
20

)︁
≈ 2.7× 1035 subspaces, but s log ep

s ≈ 84.

III · The blessing 13/16



Finding the sparse solution: why ℓ1?

Trying all 2.7× 1035 supports by solving 109

problems per second would take 8.5× 1018 years
=⇒ hopeless.
We can instead use the convex relaxation:

β̂ = argmin
β

∥β∥1 subject to Xβ = y,

which is a linear and convex program.

Algorithm idea. Inflate the ℓ1 ball until it
intersects the solutions: it touches at a corner,
and the corners are the sparse vectors.

The round ℓ2 ball touches at a generic point,
which is not sparse.

β1

β2
Xβ = y
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How many equations does ℓ1 need?

p = 500 unknowns, s = 20 of them nonzero, Gaussian X. At what n does ℓ1 start
recovering β reliably?
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500 unknowns from about 90
equations.
The jump is at the statistical
dimension of the problem
(Amelunxen et al., 2014).
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Further numerical experiments with
a fixed sparsity ratio:

s/p = 4% nonzero, Gaussian
X, n equations (rows of X).

Exact recovery (% of runs).
The statistical dimension puts
the edge at n/p ≈ 0.174.

Exact recovery (%)

p s n/p

0.12 0.16 0.20 0.24

25 1 34 57 73 86

100 4 7 42 82 95

500 20 0 21 93 100

2000 80 0 4 100 100

Allowed directions and statistical dimension
The same Gaussian noise vector, projected onto two different cones

Narrow cone

30◦

Cnarrow

g

ΠCnarrow(g)

0

δ(Cnarrow) =
2

3

Wide cone

120◦

Cwide

g

ΠCwide
(g)

0

δ(Cwide) =
7

6

Noise Retained component Removed component

Both cones span R2, but the wider cone retains more noise on average.

δ(C) = Eg∼N(0,I2)

[︁
∥ΠC(g)∥2

]︁
δ(Cα) =

1

2
+

α

π
(0 ≤ α ≤ π)

Here α is the full opening angle in radians. Boundary rays extend indefinitely.
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Recall our problem of separating two classes in Rd, distributed as N (0, 1) and N (3, 1) on the
first coordinate, but N (0, Id−1) on all others, with 100 observations in each.
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Back to k-nearest neighbours

Recall our problem of separating two classes in Rd, distributed as N (0, 1) and N (3, 1) on the
first coordinate, but N (0, Id−1) on all others, with 100 observations in each.
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On the same data, ℓ1-penalized logistic regression stays at 91–93% while 5-NN falls to 62%.
A method that relied on neighbourhoods performed poorly in high-dimensions. A method
that is able to adapt to a lower “intrinsic” dimensionality performs much better.
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Back to our two Gaussians

In importance sampling, the separation lead to a challenge, but a separation can be exploited in
a different setting. The two Gaussians N (0, Id), N (µ · 1, Id) differ a little in every coordinate.

−4 0 4

logw

d = 10

−10 0 10

logw

d = 100

−50 0 50

logw

d = 1000

H0 : q H1 : p

Reject H0 : q in favour of H1 : p when logw > 0. Under H0, logw ≈ N
(︁
− dµ2

2 , dµ2
)︁
, so the

error is Φ
(︂
−dµ2/2

µ
√
d

)︂
= Φ

(︂
−µ

√
d

2

)︂
: 6.7% at d = 100, 1.7% at d = 200.

The “affinity” multiplies across coordinates (e−µ2/8 each), so
∫︁√

pq = e−dµ2/8 → 0 and the
laws become mutually singular (Kakutani, 1948).
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Clustering without labels and infinite variables

Draw 20 points from each Gaussian and forget which is which. Using distances only:

From the same group, ∥X −X ′∥2 ≈ 2d±
√
8d

From different groups, ∥X − Y ∥2 ≈ 2d+ dµ2 ±
√
8d.

They separate once dµ2 ≫
√
8d, that is d ≫ 8/µ4 ≈ 988 (Hall et al., 2005).

d = 10
accuracy 53%

d = 100
accuracy 53%

d = 1000
accuracy 68%

d = 10 000
accuracy 100%

Distance matrices (dark = close), sorted by the hidden label; accuracy of average-linkage clustering.

For q to stand in for p, their typical sets must overlap, and they separate as d grows. To tell
q from p, that separation is what we need.
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When dimension hurts, and when it helps

Curse Mechanism Blessing
concentration of measure

Empty space

Nearby
distributions

k-NN and smoothers
need loads of data

importance sampling
collapses

lengths and angles
concentrate

log p
q
: centre ∝ d,

spread ∝
√
d

random projections
and sparse recovery

testing and clustering
become easier

Dimension hurts methods that need things to stay close: neighbours for k-NN, overlap for
importance sampling.

It helps methods that let evidence add up across coordinates, such as random projections
and likelihood-ratio tests.

We pay for the ambient dimension, and we gain when the effective dimension, such as
s log p, is small.
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High dimensions can be a curse for questions about neighbourhoods
but a blessing when dealing with averages.

To read more. Vershynin (2018), High-Dimensional Probability; Wainwright (2019), High-
Dimensional Statistics; Boucheron et al. (2013), Concentration Inequalities; and van Handel
(2016) Probability in High Dimension.

Thank you!
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